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Abstract 
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A mathematical model based on the shrinking core approach was proposed to represent the nutmeg essential 

oil  extraction with liquid carbon dioxide. The model assumes that the essential oil  inside the nutmeg particle is 

located within a core that shrinks as the extraction is carried out. Concentration profiles along the bed were 

considered, as well as axial dispersion effects.  The mass transfer coefficient and the axial dispersion coefficient 

were calculated by means of empirical relations, and the effective diffusion coefficient was used as fitting 

parameter. The model was validated with experimental data obtained for different particle sizes and solvent 

flow rates, and  the values obtained for the effective diffusion coefficient varied from 1.5 x 10
-12

 to 2.5 x 10
-11

 

m
2
.s

-1
.  

 

 
1.  Introduction  

Different mathematical models have been 
proposed to describe the extraction of natural products 

from vegetable matrices by dense carbon dioxide. 
Mass transfer mechanisms involved in the extraction 

processes are closely related to the vegetable structure 
and to the location of the solute within the solid phase, 

and should be a guide to the choice of a suitable 

model. An extensive overview on mathematical 
modeling of supercritical fluid extraction (SFE) 

processes is given by Reverchon (1997). 
The shrinking-core model has been proposed to 

represent the SFE of essential oils and lipids from 
seeds and roots. This model assumes that the solute 

inside the particle is located within a core that has its 

volume continually reduced as the solute is extracted. 
The solvent at the core interface is taken to be at 

equilibrium with the oil core. Fick ś law describes the 
porous region between the core and the particle 

surface, and the time profile of the average solute 
concentration in the solid phase equals the mass 

transfer through the fluid film that surrounds the 
particle. 

King and Catchpole (1993) proposed the shrinking-

core approach to model the SFE of vegetable oil from 
peanuts. A quasi-steady state solution was obtained 

with the assumptions that changes in the core radius 
during the residence time of the solvent in the 

extractor and changes along the bed were negligible at 
any given time. The equilibrium solubility and the 

mass transfer coefficient were predicted from 

empirical relations, and the effective diffusivity was 
used as a fitting parameter. The model represented 

well the experimental data with an effective diffusivity 

of 3.56 x 10
-9
 m

2
s

-1
. Roy et al. (1996) proposed the use 

of the shrinking-core model to describe the SFE of 
ginger oil. The solute concentration profile in the fluid 

phase along the bed and axial dispersion effects were 
considered. Adjustable parameters were equilibrium 

solubility and effective diffusivity. The model 
produced a good fit of experimental data obtained 

with particles of 2.56 mm diameter, but it failed to 

describe the extraction from smaller particles (0.35 
and 0.68 mm diameter). 

The present work proposes the use of the 
shrinking-core model to describe the extraction of 

nutmeg essential oil by liquid carbon dioxide. The 
model was validated with experimental data obtained 

by Spricigo et al. (1999), and it was able to describe 

the extraction curves for all the particle sizes tested, 
using the effective diffusivity as fitting parameter. 

       
2.  Mathematical model 

 

2.1  Fluid phase 

The mathematical modeling of the fluid phase 
assumes the existence of a concentration profile along 

the bed and includes an axial dispersion term. The 

fixed bed is assumed to be composed of spherical 
particles, and the extraction term is described by the 

mass transfer through a fluid film at the particle 
surface. The equation for the fluid phase is written as: 
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    where e is the bed porosity, C is the solute 

concentration in the fluid phase (kg.m
-3
), DL is the 

axial dispersion coefficient (m
2
.s

-1
), kf is the mass 

transfer coefficient (m.s
-1
), R is the particle radius (m), 

t is time (s), v is the interstitial solvent velocity (m.s
-1
) 

and z is the axial coordinate (m). The following 
boundary conditions apply: 
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where L is the bed height (m). 
 Since the solvent was allowed to be in contact 

with the solid phase for some time before it started to 
flow out from the extractor (Spricigo, 1998), it is 

assumed that the fluid is initially in equilibrium with 

the solid phase. Therefore, when t=0: 
 

( )LzCC eq ££= 0                                 (3) 

 

where Ceq is the equilibrium solute concentration in 

the fluid phase (kg.m
-3
). 

 

2.2  Solid phase 
 The porous region between the oil core and the 

particle surface is modeled with base on single 
spherical particles, assuming transient diffusive 

transport in the radial direction. The transport 

coefficient is interpreted as an effective diffusion 
coefficient: 
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where Cp is the solute concentration in the solvent 

within the particle pores (kg.m
-3

), De is the effective 
diffusion coefficient (m

2
.s

-1
) and r is the radial 

coordinate in the particle (m). 

 With the assumption that the diffusive mass flux 
at the particle surface is equal to the mass flux to the 

fluid phase at the solid-fluid interface film, the 
following boundary condition is obtained: 
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where ep is the particle porosity and R is the particle 
radius (m). 

 At the core surface, the fluid is assumed to be 

saturated with essential oil, as proposed by Roy et al. 
(1996). However, in this work, in order to avoid 

numerical instabilities during model solving, the 
saturation condition is changed to a condition of 

symmetry when the oil core is exhausted: 
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where  Csat is the saturation concentration of solute in 

the fluid phase (kg.m
-3

) and rc is the core radius (m).  
A linear concentration profile is assumed as initial 

condition in the porous region limited by the core and 
the particle surface: 
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where 
0c

r is the initial core radius (m), that is 

calculated by a mass balance involving the particle 

porous region, the core and the fluid phase: 
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where d is the bed diameter (m), dp is the mean 

particle diameter (m), e is the maximum extractable 
solute content of the solid phase (gsolute/gsolids), M is the 

initial mass of solids in the bed (kg), np is the number 
of particles in the bed and q0 is the initial solute 

concentration in the solid phase (kg/m³).  The values 
np and q0 are calculated by Eqns. (9) and (10) 

respectively: 
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where rs is the specific gravity of the porous particle 
(kg.m

-
³). After substitution of Eqn. (7) in (8) and 

integration, the final expression is obtained for the 
calculus of the core radius at t = 0:  
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The core radius at any given time is calculated by a 

mass balance in the particle. The time variation of the 

mass of solute within the particle (core + porous 
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region) is equal to the mass flux through the external 

fluid film at the particle surface: 
 

( )
Rrpf CCRk

dt

dP
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where N is the mass of solute in the core (kg) and P is 
the mass of solute in the fluid within the porous region 

(kg). The mass of solute in the core is given by Eqn. 

(13): 
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      Equation (14) is obtained by time derivation of 
Eqn. (13). 
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      The mass of solute within the porous region is 

given by: 
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V
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where V is the volume of the particle (m
3
) and Vc is 

the volume of the core (m
3
). Time derivation of 

equation (15) is simplified if time variations of the 

volume of the core are neglected. That is a reasonable 
approach since the model equations are integrated in 

very small time intervals, so that one obtains: 
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      Equation (16) is solved numerically in discrete 
radius intervals, from the core surface to the particle 

surface: 
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where i = 1 indicates the core radius and i = n + 1  

indicates the particle radius. 
Substitution of Eqns. (14) and (17) in Eqn. (12) 

provides the mass balance for the calculus of the time 
variation of the core radius in each discrete axial 

position in the bed (Eqn. (18)). 
The system formed by Eqns. (1), (4) and (18) was 

written in dimensionless form and solved numerically 

by the method of orthogonal collocation in finite 
elements. The solid phase equations were written in 

discrete form in the radial direction by means of finite 

difference approximation. 
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3.  Experimental data 

      The model was validated with experimental data 
(Spricigo et al., 1999) for the extraction of essential 

oil and lipids from nutmeg with liquid carbon dioxide 

at 90 bar and 23 °C. The fixed bed of nutmeg particles 

was 0.10 m high and the extractor diameter was of 

0.021 m. Although essential oil and lipids were co-
extracted, only essential oil extraction curves were 

used as validation data for mathematical modeling. 
The essential oil was considered as a pseudo-single 

compound and its extraction was assumed to be 
independent of the extraction of lipids. Table 1 

presents the extraction parameters associated with the 

experimental data. At the extraction temperature and 
pressure,  the  specific gravity  of  the  CO2 is 819 

kg.m
-3
 (Sovová et al.,1994), and the viscosity is 75.4 x 

10
-6
 Pa.s (calculated with the correlation of Altunin 

and Sakhabetdinov, as referenced by Sovová and 
Procházka (1993)).

 
Particle porosity was measured by 

mercury porosimetry (ep = 0.15), and specific gravity 
of the porous nutmeg particles was measured by a 

gravimetric technique (rs = 1,050 kg.m
-3
) (Spricigo, 

1998). The value of Csat = 0.0675 gessential oil/
2COg was 

estimated with base on solubility data of essential oils 

in liquid carbon dioxide published by Ferreira (1991) 
and by Germer and Petenate (1988). 

The equilibrium concentration was obtained 
experimentally as the slope of the initial linear region 

of the extraction curves. It was observed that the 
equilibrium concentration was dependent on the solid 

phase external surface and on the volume of solvent in 

the bed. Fig. 1 relates equilibrium concentration and 
the ratio between the solid-fluid interfacial area and 

the total volume of CO2 in the bed. A logarithmic 
function was used to fit the experimental data: 
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where Ai is the solid-fluid interfacial area (m
2
) and 

2COV is the total volume of CO2 in the bed (m
3
). The 

initial equilibrium concentration of solute in the fluid 
phase for each experimental situation within the 

validity range of Fig. 1 was calculated with Eqn. (19). 
As reported by Spricigo et al. (1999), the 

maximum essential oil yield is dependent on particle 

size, and the extractable oil content of the solid phase 
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(e) is obtained from the experimental extraction curves 

for each particle diameter studied.  
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Figure 1. Equilibrium concentration related to 

interfacial area per total volume of CO2 in the bed. 
 

4.  Evaluation of model parameters 

The parameters kf and DL were estimated through 
the correlation of Wakao (Madras et al., 1994) and of 

Tan and Liou (1989) respectively. The diffusion 
coefficient of the essential oil in the CO2 at 90 bar and 

23 °C (DAB = 8.21 x 10
-9
 m².s

-1
) was calculated by the 

Wilke-Chang equation (Riazi and Whitson, 1993), and 

the molar volume of the essential oil as a pseudo-
single compound (VB = 192.6 x10

-3
  m

3
.kgmol

-1
) was 

calculated by the method of Le Bas (Reid et al.,1977). 

The effective diffusion coefficient (De) was used as 
fitting parameter. 

 
5.  Results and discussion 

      Figure 2 presents the comparisons between 
experimental extraction curves and mathematical 

modeling for different particle sizes and solvent flow 

rates. Table 2 presents the values of the model 
parameters corresponding to the calculated  curves. It 

can be observed from Figure 2 that the mathematical 
model was able to describe the whole extraction 

curves for all the particle sizes tested. The change in 

the boundary condition when the oil core was 
exhausted allowed the model to keep stable until the 

extractable oil was exhausted. The model could be 
adjusted to the experimental data with values of De 

from 1.5 x 10
-12

 to 2.5 x 10
-11

 m
2
.s

-1
. Reverchon et al. 

(1993) obtained values of De from 1.5 to 2.8 x 10
-13

 

m
2
.s

-1
 to the extraction of essential oils from leafs with 

supercritical carbon dioxide, and Roy et al. (1996) 
obtained De values of 2.5 x 10

-10
 m

2
.s

-1
 to the 

supercritical fluid extraction of ginger oil. 
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Figure 2. Comparison between experimental data and 

mathematical modeling for different particle sizes and 
solvent flow rates. 

 

Table 1 � Parameters associated with experimental data (Spricigo, 1998). 

Mean particle 

diameter (dp) 

(mm) 

Solvent mass 

flow rate 

(g.min
-1

) 

Interstitial 

solvent 
velocity (v) 

(cm.s
-1
) 

Initial mass of 

solids (M) 

(g) 

Extractable oil 

content in the 
solid phase (e) 

(g oil/g solids) 

Bed porosity 

(e) 
Ai/

2COV  

(cm²/cm³) 

0.300 0.90 1.04 x 10
-2 

17.8 0.069 0.51 56.28 

0.300 0.54 6.11 x 10
-3
 17.3 0.069 0.52 56.28 

0.678 0.90 1.10 x 10
-2
 18.8 0.043 0.48 26.97 

0.678 0.54 7.22 x 10
-3
 20.4 0.043 0.44 26.97 

1.454 0.90 1.43 x 10
-2
 24.2 0.018 0.37 21.36 

 

Table 2 � Parameters of the mathematical model for different particle sizes and solvent flow rates. 

dp  
(mm) 

CO2 flow rate 
(g.min

-1
) 

DL  
(m

2
.s

-1
) 

kf   
 (m.s

-1
) 

De  
(m

2
.s

-1
) 

0.300  0.90 2.34 x 10
-7 

1.64 x 10
-7 

1.5 x 10
-11

 

0.300  0.54 1.57 x 10
-7
 1.46 x 10

-8
 1.5 x 10

-12
 

0.678  0.90 4.45 x 10
-7
 1.53 x 10

-7
 2.5 x 10

-11
 

0.678  0.54 3.26 x 10
-7
 2.86 x 10

-8
 5.0 x 10

-12
 

1.454  0.90 9.52 x 10
-7
 1.08 x 10

-7
 2.5 x 10

-11
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 The experimental data presented in Fig. 2 shows 

that, for the same particle size, a decrease in solvent 
flow rate causes a reduction in solvent loading after 

the constant rate extraction period. In this case, the 
model only fitted  

the experimental data with a reduction of the effective 

diffusion coefficient obtained for the same particle size 
and a larger solvent flow rate. This fact may indicate 

that the mass transfer within the porous particle is 
overestimated by the mathematical model, and this is 

probably due to the assumption of solvent saturation at 
the core interface.  

 It was observed experimentally that an increase in 

particle size was followed by a decrease in essential oil 
yield. As discussed by Spricigo et al. (1999), the 

extraction yield is related to the breakage of the cell 
walls and to the coextraction of lipids. The conception 

of the shrinking core model with the solvent saturated 
at the core interface imposes that the extraction only 

stops when the oil is exhausted, so that it was 
necessary to introduce in the model different contents 

of extractable oil (e) for each particle size studied. A 

proposition to solving of this problem could be the use 
of a variable effective diffusion coefficient along the 

particle radius, so as to increase internal mass transfer 
resistance as the oil is consumed.  

 

6.   Conclusions 
The shrinking core model has shown to be a 

satisfactory approach to the mathematical 
representation of the extraction of essential nutmeg oil 

with liquid carbon dioxide. The seed is rich in essential 
oil, so that the conception of the oil core is reasonable. 

The proposed change in the boundary condition at the 

core interface when the oil is exhausted gave stability 
to the model for all the particle sizes tested. The model 

presented problems to describe the influence of the 
solvent flow rate in the extraction curves. Further 

studies are necessary to reevaluate the saturation 
condition at the core interface, in order to balance 

external and internal mass transfer phenomena. 
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